Abstract. We present a lattice determination of the vector and scalar form factors of the D → π(K) ν semileptonic decays, which are relevant for the extraction of the CKM matrix elements |V cd | and |V cs | from experimental data. Our analysis is based on the gauge configurations produced by the European Twisted Mass Collaboration with N f = 2+1+1 flavors of dynamical quarks. We simulated at three different values of the lattice spacing and with pion masses as small as 210 MeV. The matrix elements of both vector and scalar currents are determined for a plenty of kinematical conditions in which parent and child mesons are either moving or at rest. Lorentz symmetry breaking due to hypercubic effects is clearly observed in the data and included in the decomposition of the current matrix elements in terms of additional form factors. After the extrapolations to the physical pion mass and to the continuum limit the vector and scalar form factors are determined in the whole kinematical region from q 2 = 0 up to q
Introduction and simulation details
Flavor physics, the branch of particle physics that studies transitions between different quarks and leptons, plays a fundamental role both for an indirect search of New Physics (NP) and also to put stringent constraint on the Standard Model (SM). Unlike the gauge sector, which is totally fixed by the symmetry S U(3) C ⊗ S U(2) L ⊗ U(1) Y , the flavor sector is completely loose and is characterized by masses and quark mixing that are free parameters. Moreover, because of its highly non trivial structure, it is particularly sensitive to many NP scenarios.
In this contribution we present the first N f = 2 + 1 + 1 LQCD calculation of the vector and scalar form factors f Dπ(K) + (q 2 ) and f Dπ(K) 0 (q 2 ), governing the semileptonic D → π(K) ν decays, relevant for the extraction of the CKM matrix elements |V cd | and |V cs | [1] . The analysis has been carried out using the gauge configurations generated by the European Twisted Mass Collaboration (ETMC) with N f = 2 + 1 + 1 dynamical quarks, which include in the sea, besides two light mass-degenerate quarks, also the strange and the charm quarks [2, 3] . In order to take under control discretization and finite volume effects, simulations have been performed at various lattice volumes and using three values of the lattice spacing in the range 0.06 − 0.09 fm, with pion masses from ≈ 210 MeV up to ≈ 450 MeV.
Sea and light valence quarks were simulated using the Wilson Twisted Mass Action [4, 5] , while the valence charm quark was implemented through the Osterwalder-Seiler action [6] . Gauge fields were simulated using the Iwasaki gluon action [7] . Such a setup guarantees for an automatic O(a) improvement as the Twisted Mass Action for light and see quarks has been taken at maximal twist [5, 8] . We refer the reader to Ref. [9] for more details on the lattice setup.
Non-periodic boundary conditions for the quark fields have been used in order to inject momenta on the lattice [10] [11] [12] -with values in the range 150 − 650 MeV -obtaining a plenty of kinematical conditions in which parent and child mesons are either moving or at rest. The lattice data exhibit a remarkable breaking of the Lorentz symmetry [1] (see also preliminary results in Refs. [13, 14] ) due to hypercubic effects both for the D → π and the D → K channels. Hypercubic artefacts appear to be driven by the difference between the parent and the child meson masses, which may represent an important warning in the case of semileptonic B-meson decays. We present the subtraction of such hypercubic effects and the determination of the physical, Lorentz-invariant, semileptonic vector and scalar form factors in the whole experimentally accessible range in q 2 , i.e. from q 2 = 0 up to q
2 , at variance with respect to existing LQCD calculations (see Ref. [15] ), which provide only the value of the vector form factor at zero 4-momentum transfer.
Vector and scalar form factors
Let us introduce the local bare currents V µ =cγ µ q and S =cq, where q = d(s). In our lattice setup we employ maximally twisted fermions and thus the vector and scalar currents renormalize multiplicatively [5] , i.e. V µ = Z V · V µ and S = Z P · S , where V µ and S are the renormalized vector and scalar densities, with Z V and Z P being the corresponding renormalization constants (RCs).
The matrix elements P(p P )| V µ |D(p D ) ≡ V µ and P(p P )|S |D(p D ) ≡ S , as required by the Lorentz symmetry, can be decomposed into the vector and scalar form factors f + (q 2 ) and f 0 (q 2 ):
where q = p D − p P is the four-momentum of the outgoing lepton pair, P stands either for a π or a K meson, and µ c(q) is the charm (light) bare quark mass. The vector and scalar matrix elements have been extracted from the large time distance behavior of five ratios, R µ (µ = 1, 2, 3, 4) and R S , which are given by:
In Eqs. (3,4) C DP Γ (Γ = V µ , S ) and C M 2 are respectively the 3-point correlation function between the D and the P mesons and a "modified" 2-point correlation function for the meson M in which the backward signal is cancelled (see Eq. (17) of Ref. [1] ). At large time distances they are defined as:
where E D and E P are the energies of the D and P mesons, while Z D and Z P are the matrix elements
, which depend on the meson momenta p D and p P because of the use of smeared interpolating fields. From the 2-and 3-point correlators we are able to extract the matrix elements V µ and S , which allow us to determine f + (q 2 ) and f 0 (q 2 ) as the best-fit values of Eqs. (1) (determined in Ref. [9] ), is applied to each choice of the parent and child meson momenta.
An example of our results are illustrated in Fig. 1 , where the momentum dependence of the scalar f how the Lorentz-covariant decomposition (1-2) is not adequate to describe the lattice data, in fact the extracted form factors, beyond statistical uncertainties, do not depend only on the squared 4-momentum transfer q 2 (and the parent and child meson masses), but also on the value of the child (or parent) meson momentum. The breaking of the Lorentz symmetry is mainly due to hypercubic discretization effects, which are of the order O(a 2 ) because of the O(a)-improvement of our lattice setup. The possible contribution due to finite volume effects has been investigated by comparing results coming from two ensembles, which correspond to the same pion mass and lattice spacing, but have different lattice sizes. Hypercubic effects have been found to be compatible in the two cases, so FSEs cannot be the source of the observed behavior in the form factors.
A further important point to be stressed, is that no evidence of a Lorentz symmetry breaking has been observed in the behavior of the form factors relevant for the K → π ν decay [16] . A possible reason for this fact is that hypercubic artifacts may be mostly governed by the difference between the parent and the child meson masses. Following this hypothesis, we studied the semileptonic transition between two charmed PS mesons with similar masses close to the D-meson one. The results of such analysis are given in Fig. 2 , where the momentum dependence of the form factors, within statistical uncertainties, are clearly free of hypercubic effects and, as required by the Lorentz symmetry, are only function of q 2 . This confirms the dependence of hypercubic effects upon the mass difference between the parent and the child mesons. However, further investigations are needed in order to understand better this important issue, which might become crucial in the case of semileptonic B-meson decays. 
Global fit
As shown in the previous Section the form factors f + and f 0 for both the D → π and D → K decays exhibit a sizeable Lorentz-symmetry breaking due to hypercubic effects. A possible way to describe hypercubic artifacts is to address them directly on the vector and scalar matrix elements in terms of Euclidean momenta, given by q E µ = q, q 4 = q, −iq 0 . In particular, we considered the following decomposition of the vector and scalar currents: 
where the quantities H i (i = 1, ..., 4) and H j ( j = 1, ..., 5) are new hypercubic form factors. Eqs. (9) and (10), which are built in terms of the two momenta q E µ and P E µ = (p D + p P ) E µ , are the most general structure, up to order O(a 2 ), that transform under hypercubic rotations respectively as a four-vector and a scalar. Moreover, by studying the Ward-Takahashi Identity (WTI) relating the 4-divergence of the vector current to the scalar density (see Ref. [1] ), S hyp can be further simplified as:
For the form factors H i and H S we adopted the simple polynomial expressions H i (z) = d As for the Lorentz-invariant terms V E µ Lor and S Lor , the form factors f +,0 (q 2 , a 2 ) can be parametrized by the modified z-expansion of Ref. [19] , viz.
where in the case of the D → π transition we considered the single-pole expressions
while for the D → K channel we used
In Eq. (12) the term proportional to (z 2 − z 2 0 ) is constrained by the requirement of analyticity at the annihilation threshold [19] , and it is applicable for the vector form factor only. However, the fitting procedure turns out to be almost insensitive to the presence of such a constraint. The quantities M V and M S represent the vector and scalar pole masses, respectively, and they are free parameters in the fitting procedure. On the other hand for the D → K ν process, the physical vector meson D * s has a mass below the cut threshold
, including a simple discretization effect proportional to a 2 , is introduced to guarantee the applicability of the z-expansion. Conversely, the data for the scalar form factor f 
where C 0 FS E is a free parameter and ξ = 2Bm /(16π 2 f 2 ), with B and f being the SU(2) low-energy constants entering the LO chiral Lagrangian, determined in Ref. [9] . For the form factors at zero 4-momentum transfer we imposed the condition f
and we used the following expression:
where F + , b 1 , b 2 and D are free parameters in the fitting procedure, while A π and A K are the chirallog coefficients predicted by the hard pion SU(2) Chiral Perturbation Theory (ChPT) [20] , given by A π = −(3/4) 1 + 3 g 2 (with g = 0.61 [21] ) and A K = 1/2. In the limit where the parent and the child mesons are the same, Eq. (9) reduces to
Since there is no evidence of hypercubic effects when the initial and final meson have similar masses (see Fig. 2 ), the hypercubic form factors H 2 and H 4 might be neglected. For this reason we have repeated the global fitting procedure assuming H 2 = H 4 = 0 . Differences in the results were found to be negligible for both the D → π and D → K channels, either when we included (H 2 0, H 4 0) or excluded (H 2 = H 4 = 0) the hypercubic form factors H 2 and H 4 . Therefore, we adopted H 2 = H 4 = 0 as our reference choice in the global fit for estimating uncertainties due to systematic errors as well as for obtaining the form factors f
(q 2 ). The novelty of our analysis with respect to previous studies of the D → π(K) ν form factors, is the use of many kinematical conditions in which both the parent and the child mesons can be either in motion or at rest. The main point is that using only a limited number of kinematical conditions, like for instance the Breit-frame ( p D = − p π(K) ) or the D−meson at rest frame, hypercubic effects may not be correctly observed even if they are present in the data. This is illustrated in Fig. 3 , which shows the subset of our data for the scalar form factors f D→π(K) 0 corresponding only to the D-meson at rest both before and after the subtraction of the hypercubic effects determined in the global fitting procedure. Lorentz-symmetry breaking is not manifest in the limited set of data points with p D = 0, although its impact is not negligible. This holds for the scalar form factor f 0 , while in the case of the vector form factor f + we find that Lorentz-symmetry breaking effects are less pronounced in the subset of data corresponding to the D-meson at rest.
Results
The physical Lorentz-invariant vector and scalar form factors, extrapolated to the physical pion mass and to the continuum and infinite volume limits, are shown in Fig. 4 for the D → π and D → K transitions. Our results are compared with the corresponding values determined by BELLE, BABAR, CLEO and BESIII collaborations in Refs. [22] [23] [24] [25] [26] . The agreement is good except for high values of q 2 , where some deviations are visible. At zero 4-momentum transfer we find
which are consistent with the FLAG [15] averages f D→π + (0) = 0.666 (29) , based on the result of Ref. [27] , and f D→K + (0) = 0.747 (19) from Ref. [28] . The knowledge of the form factors in the full kinematical range allowed us to perform the first determination of the CKM matrix elements |V cd | and |V cs | in a truly consistent way within the SM, by combining directly the momentum dependence of the vector form factors f D→π(K) + (q 2 ) with the experimental determinations of the decay rates for the D → π(K) ν processes, without making use of any other assumption. The extraction of |V cd | and |V cs | have been carried out in Ref. [29] , where we obtain:
, (q 2 ) determined by BELLE, BABAR, CLEO and BESIII collaborations in Refs. [22] [23] [24] [25] [26] are shown. The bands correspond to the total (statistical + systematic) uncertainty at one standard-deviation level.
Using |V cb | = 0.0360 (9) from Ref. [21] , the unitarity of the second row of the CKM matrix is given by |V cd | 2 + |V cs | 2 + |V cb | 2 = 1.013 (68). The results (19) are presented in Fig. 5 as ellipses in the |V cd | − |V cs | plane corresponding to a 68% probability contour. The ellipses corresponding to the leptonic and semileptonic FLAG averages [15] for |V cd | and |V cs | are also shown, as well as the constraint imposed by the second-row unitarity, indicated by a dashed line. [29] and [30] . Striped ellipses correspond to the FLAG results [15] , which are based on the LQCD results obtained in Refs. [27, 28] with N f = 2 + 1 dynamical quarks. The dashed line indicates the |V cd | − |V cs | correlation that follows from the CKM unitarity.
